Perturbations of crossed product C*-algebras by amenable groups by Ino, Shoji
ar
X
iv
:1
60
4.
03
23
0v
1 
 [m
ath
.O
A]
  1
2 A
pr
 20
16
PERTURBATIONS OF CROSSED PRODUCT C∗-ALGEBRAS BY
AMENABLE GROUPS
SHOJI INO
Abstract. We study uniform perturbations of crossed product C∗-algebras by amenable
groups. Given a unital inclusion of C∗-algebras C ⊆ D and sufficiently close separable
intermediate C∗-subalgebras A, B for this inclusion with a conditional expectation from D
onto B, if A = C⋊G with G discrete amenable, then A and B are isomorphic. Furthermore,
if C ⊆ D is irreducible, then A = B.
1. introduction
Kadison and Kastler started the study of perturbation theory of operator algebras with
[15] in 1972. They equipped the set of operator algebras on a fixed Hilbert space with a
metric induced by Hausdorff distance between the unit balls. Examples of close operator
algebras are obtained by conjugating by a unitary near to the identity. They conjectured
sufficiently close operator algebras must be unitarily equivalent. For injective von Neumann
algebras, this conjecture was settled in [6, 22, 13, 8] with earlier special cases [5, 18]. Cameron
et al. [2] and Chan [3] gave examples of non-injective von Neumann algebras satisfying the
Kadison-Kastler conjecture. In Christensen [7], this conjecture was solved positively for von
Neumann subalgebras of a common finite von Neumann algebra.
For C∗-algebras, the separable nuclear case was solved positively in Christensen et al. [9],
building on the earlier special cases in [8, 19, 20, 16]. In full generality, there are examples of
arbitrarily close non-separable nuclear C∗-algebras which are not ∗-isomorphic in Choi and
Christensen [4]. Johnson gave examples of arbitrarily close pairs of separable nuclear C∗-
algebras which conjugate by unitaries where the implementing unitaries could not be chosen
to be the identity in [14].
The author and Watatani [12] showed that for an inclusion of simple C∗-algebras C ⊆ D
with finite index in the sense of Watatani [23], sufficiently close intermediate C∗-subalgebras
are unitarily equivalent. The implementing unitary can be chosen close to the identity and
in the relative commutant algebra C ′ ∩ D. Our estimates depend on the inclusion C ⊆ D,
since we use the finite basis for C ⊆ D. Dickson obtained uniform estimates independent
of all inclusions in [10]. To get this, Dickson showed that row metric is equivalent to the
Kadison-Kastler metric.
The author [11] showed that von Neumann subalgebras of a common von Neumann algebra
with finite probabilistic index in the sense of Pimsner-Popa [21] satisfy the Kadison-Kastler
conjecture. The implementing unitary can be chosen as being close to the identity. Compared
with the author and Watatani case [12], we do not assume that von Neumann subalgebras
have a common subalgebra with finite index.
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In this paper, we study perturbations of crossed product C∗-algebras by discrete amenable
groups. We introduce crossed product-like inclusions of C∗-algebras in Definition 3.1. For a
unital inclusion of C∗-algebras A ⊆ B, we call A ⊆ B is crossed product-like if there exists
a discrete group U in the normalizer NB(A) of A in B such that A and U generate B. An
example of crossed product-like inclusions is A ⊆ A⋊G, where G is a discrete group.
Now suppose that we have a unital inclusion C ⊆ D of C∗-algebras and two close separable
intermediate C∗-subalgebras A,B for this inclusion. If there is a conditional expectation
E : D → B, then we get a map from A into B which is uniformly close to the identity map
of A by restricting E to A. Since C is a subalgebra of A∩B, E|A : A→ B is a C-fixed map,
that is, E|A(c) = c for any c ∈ C. Furthermore, if C ⊆ A is crossed product-like by a discrete
amenable group U in NA(C), then we can consider the point-norm averaging technique form
[9] by using the amenability of U . To apply this technique to E|A we need that E|A is a C-
fixed map. Then in Lemma 3.7, we can obtain a C-fixed (X, ε)-approximate ∗-homomorphism
from A into B for a finite subset X in A1 and ε > 0. To show this, we modify [9, Lemma
3.2] to C-fixed versions. In Lemma 3.8, we obtain unitaries which conjugate these maps by
modifying [9, Lemma 3.4] to C-fixed version. The unitaries can be chosen in the relative
commutant C ′ ∩ D of C in D. Therefore, if C ⊆ D is irreducible, then the untiaries are
scalars. Then by these lemmas, we show our first main result: Theorem A, which is appeared
in Theorem 3.10.
Theorem A. Let C ⊆ D be a unital irreducible inclusion of C∗-algebras acting on a separable
Hilbert space H. Let A and B be separable intermediate C∗-subalgebras for C ⊆ D with a
conditional expectation from D onto B. Suppose that C ⊆ A is crossed product-like by a
discrete amenable group and d(A,B) < 140−1. Then A = B.
In Theorem B, we show our second main result. By an intertwining argument which is
modified [9, Lemma 4.1] to C-fixed version, we show that A is ∗-isomorphic to B. The
implementing surjective ∗-isomorphism can be chosen as C-fixed. Theorem B is provided in
Section 4 as Theorem 4.3.
Theorem B. Let C ⊆ D be a unital inclusion of C∗-algebras and let A and B be separable
intermediate C∗-subalgebras for C ⊆ D with a conditional expectation from D onto B. Sup-
pose that C ⊆ A is crossed product-like by a discrete amenable group and d(A,B) < 10−3.
Then there exists a C-fixed surjective ∗-isomorphism α : A→ B.
In section 5, we consider crossed product-like inclusions of von Neumann algebras. Given
an inclusion N ⊆ M of von Neumann algebras, we call N ⊆ M is crossed product-like if
there is a discrete group U in NM(N) such that M is generated by N and U . For a crossed
product-like inclusion A ⊆ B of C∗-algebras acting non-degenerately on H, an inclusion
A
w ⊆ Bw of von Neumann algebras is crossed product-like. In Theorem C, we consider the
perturbations of crossed product von Neumann algebras by discrete amenable groups. This
result is based on Christensen’s work [6] and is appeared in Theorem 5.7.
Theorem C. Let N ⊆ M be an inclusion of von Neumann algebras in B(H) and let A,B
be intermediate von Neumann subalgebras for N ⊆M with a normal conditional expectation
from M onto B. Suppose that N ⊆ A is crossed product-like by a discrete amenable group
and d(A,B) < γ < 10−2. Then there exists a unitary u ∈ N ′ ∩ (A∪B)′′ such that uAu∗ = B
and ‖u− I‖ ≤ 2(8 +√2)γ.
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By the theorem above, we can consider the perturbations of the second dual C∗-algebras of
crossed product algebras by amenable groups in Corollary 5.8. Given a unital inclusion C ⊆ D
of C∗-algebras and sufficiently close intermediate C∗-subalgebras A,B for this inclusion, if
C ⊆ A is a crossed product-like inclusion by a discrete amenable group and there is a
conditional expectation E : D → B, then A∗∗ and B∗∗ are unitarily equivalent. To show this,
we use a normal conditional expectation E∗∗ : D∗∗ → B∗∗ and identify A∗∗, B∗∗, C∗∗ and D∗∗
with π(A)′′, π(B)′′, π(C)′′ and π(D)′′, respectively, where π is the universal representation of
D.
In Proposition 6.3, we obtain a unitary such that the unitary implement a ∗-isomorphism
under the assumption C ′∩C∗(A,B) ⊆ C ′ ∩Aw. To show Proposition 6.3 we prepare Lemma
6.1 and 6.2 by using Lemma 3.8 and 3.12 and Theorem 4.3. Combining Proposition 6.3 with
Corollary 5.8 gives Theorem D, which is appeared in Theorem 6.4. To show this, we modify
the arguments of Section 5 in Christensen et al. [9].
Theorem D. Let C ⊆ D be a unital inclusion of C∗-algebras acting on a separable Hilbert
space H. Let A and B be separable intermediate C∗-subalgebras for C ⊆ D with a conditional
expectation E : D → B. Suppose that C ⊆ A is crossed product-like by a discrete amenable
group and C ′ ∩A is weakly dense in C ′ ∩ Aw. If d(A,B) < 10−7, then there exists a unitary
u ∈ C ′ ∩ (A ∪B)′′ such that uAu∗ = B.
2. Preliminaries
Given a C∗-algebra A, we denote by A1 and A
u the unit ball of A and the unitaries in
A, respectively. We recall Kadison and Kastler’s metric on the set of all C∗-subalgebras of a
C∗-algebra from [15].
Definition 2.1. Let A and B be C∗-subalgebras of a C∗-algebra C. Then we define a metric
between A and B by
d(A,B) := max
{
sup
a∈A1
inf
b∈B1
‖a− b‖, sup
b∈B1
inf
a∈A1
‖a− b‖
}
.
In the definition above, d(A,B) < γ if and only if for any x in either A1 or B1, there exists
y in other one such that ‖x− y‖ < γ.
Example 2.2. Let A be a C∗-algebra in B(H) and u be a unitary in B(H). Then d(A, uAu∗) ≤
2‖u− IH‖.
Near inclusions of C∗-algebras are defined by Christensen in [8].
Definition 2.3. Let A and B be C∗-subalgebras of a C∗-algebra C and let γ > 0. We write
A ⊆γ B if for any x ∈ A1 there exists y ∈ B such that ‖x − y‖ ≤ γ. If there is γ′ < γ with
A ⊆γ′ B, then we write A ⊂γ B.
The next two proposition is folklore. The second can be found as [9, Proposition 2.10].
Proposition 2.4. Let A and B be C∗-algebras with A ⊆ B. If B ⊂1 A, then A = B.
Proposition 2.5. Let A and B be C∗-subalgebras of a C∗-algebra C. If B ⊂1/2 A and A is
separable, then B is separable.
The following lemma appears in [15, Lemma 5].
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Lemma 2.6. Let A and B be C∗-subalgebras acting on a Hilbert space H. Then d(A
w
, B
w
) ≤
d(A,B).
The lemma below shows some standard estimates.
Lemma 2.7. Let A be a unital C∗-algebra.
(1) Given x ∈ A with ‖I − x‖ < 1, let u ∈ A be the unitary in the polar decomposition
x = u|x|. Then,
‖I − u‖ ≤
√
2‖I − x‖.
(2) Let p ∈ A be a projection and a ∈ A a self-adjoint operator. Suppose that δ :=
‖a− p‖ < 1/2. Then q := χ[1−δ,1+δ](a) is a projection in C∗(a, I) satisfying
‖q − p‖ ≤ 2‖a− p‖ < 1.
(3) Let p, q ∈ A be projections with ‖p − q‖ < 1. Then there exists a unitary w ∈ A such
that
wpw∗ = q and ‖I − w‖ ≤
√
2‖p− q‖.
In the paper, we consider metric between maps restricted to finite sets. The following are
introduced by [9].
Definition 2.8. Let A and B be C∗-algebras and let φ1, φ2 : A→ B be maps. Given a subset
X ⊆ A and ε > 0, write φ1 ≈X,ε φ2 if
‖φ1(x)− φ2(x)‖ ≤ ε, x ∈ X.
Definition 2.9. Let A and B be C∗-algebras, X a subset of A and ε > 0. Given a com-
pletely positive contractive map (cpc map) φ : A → B, we call φ is an (X, ε)-approximate
∗-homomorphism if it satisfies
‖φ(x)φ(x∗)− φ(xx∗)‖ ≤ ε, x ∈ X ∪X∗.
We only consider pairs of the form (x, x∗) in the previous definition by the following
proposition, which can be found as [17, Lemma 7.11].
Proposition 2.10. Let A and B be C∗-algebras and φ : A→ B a cpc map. Then for x, y ∈ A,
‖φ(xy) − φ(x)φ(y)‖ ≤ ‖φ(xx∗)− φ(x)φ(x∗)‖1/2‖y‖.
Definition 2.11. Let A and B be C∗-algebras and let C be a C∗-subalgebras of A ∩ B. A
map φ : A→ B is C-fixed if φ|C = idC .
Remark 2.12. Given a map φ : A→ B between C∗-algebras and a C∗-subalgebra C of A∩B,
if φ is C-fixed, then φ is a C-bimodule map, that is, for x, z ∈ C and y ∈ A,
φ(xyz) = xφ(y)z.
The following lemma appears in [1, p.332]. We need the lemma in Lemma 3.7, 3.8 and
3.12.
Lemma 2.13. Let X ⊆ C be a compact set and ε,M > 0. Then given a continuous function
f ∈ C(X), there exists η > 0 such that for any Hilbert space H, normal operator s ∈ B(H)
with sp(s) ⊆ X and a ∈ B(H) with ‖a‖ ≤ M , the inequality ‖sa − as‖ < η implies that
‖f(s)a− af(s)‖ < ε.
PERTURBATIONS OF CROSSED PRODUCT C∗-ALGEBRAS BY AMENABLE GROUPS 5
Proof. Let p be a polynomial such that ‖f − p‖ < ε/(4M), where this norm is the supremum
norm of C(X). Let p have the form p(t) = co + c1t+ · · ·+ cntn. Define
η :=
ε
2
(
n∑
k=1
k|ck|
)
−1
.
Let a Hilbert space H be given and let a normal operator s ∈ B(H) and a ∈ B(H)1 satisfy
‖sa− as‖ < η. Let D be the derivation D(x) = xa− ax. Since D(sn+1) = sD(sn)−D(s)sn,
‖D(sn+1)‖ ≤ ‖D(sn)‖+ ‖D(s)‖. Hence, ‖D(sn)‖ ≤ n‖D(s)‖. Therefore,
‖f(s)a− af(s)‖ ≤ ‖f(s)a− p(s)a‖+ ‖D(p(s))‖ + ‖ap(s)− af(s)‖
≤ 2‖f − p‖‖a‖ +
n∑
k=1
k|ck|‖D(s)‖ < ε,
and the lemma follows. 
The next lemma appears in the proof of [9, Lemma 3.7].
Lemma 2.14. Let H be a Hilbert space. Then for any µ0 > 0, there exists µ > 0 with the
following property : given a finite set S ⊆ H1 and a self-adjoint operator h ∈ B(H)1, there
exists a finite set S′ ⊆ H1 such that for any self-adjoint operator k ∈ B(H)1, if
‖(h− k)ξ′‖ < µ, ξ′ ∈ S′,
then
‖(eipih − eipik)ξ‖ < µ0 and ‖(eipih − eipik)∗ξ‖ < µ0, ξ ∈ S.
Proof. There exists a polynomial p(t) =
∑r
j=0 λjt
j such that
|p(t)− eipit| < µ0
3
, −1 ≤ t ≤ 1. (1)
Let
µ :=
µ0
3r
∑r
j=0 |λj |
. (2)
Given a finite set S ⊆ H1 and a self-adjoint operator h ∈ B(H)1, define
S′ := {hmξ : ξ ∈ S, m ≤ r − 1}.
Let k ∈ B(H)1 be a self-adjoint operator with
‖(h − k)ξ′‖ < µ, ξ′ ∈ S′. (3)
For any ξ ∈ S and 0 ≤ j ≤ r, by (3),
‖(hj − kj)ξ‖ ≤ ‖(hj − khj−1)ξ‖+ ‖(khj−1 − k2hj−2)ξ‖+ · · ·+ ‖(kj−1h− kj)ξ‖
≤ ‖(h− k)hj−1ξ‖+ ‖k(h − k)hj−2ξ‖+ · · ·+ ‖kj−1(h− k)ξ‖
≤
j−1∑
m=0
‖(h− k)hmξ‖ < rµ.
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Thus, for ξ ∈ S,
‖(p(h) − p(k))ξ‖ ≤
r∑
j=0
|λj |‖(hj − kj)ξ‖ ≤
r∑
j=0
|λj |rµ = µ0
3
,
by (2).
‖(eipih − eipik)ξ‖ ≤ ‖(eipih − p(h))ξ‖ + ‖(p(h) − p(k))ξ‖+ ‖(p(k) − eipik)ξ‖
≤ µ0
3
+
µ0
3
+
µ0
3
= µ0,
by (1). Similarly, we have ‖(eipih − eipik)∗ξ‖ < µ0. 
3. Crossed product-like inclusions and approximate averaging
In this section, we introduce the crossed product-like inclusions of C∗-algebras. Moreover,
we use the Følner condition of discrete amenable groups to modify the averaging results in
[9, Section 3]. In Theorem 3.10, we show our first main result: Theorem A.
Given an inclusion A ⊆ B of C∗-algebras, we denote by NB(A) the normalizer of A in B,
that is, NB(A) = {u ∈ Bu : uAu∗ = A}.
Definition 3.1. Let A ⊆ B be a unital inclusion of C∗-algebras. Then we call the inclusion
A ⊆ B is crossed product-like if there exists a discrete group U in NB(A) such that B =
C∗(A,U).
Since U is in NB(A), B = C∗(A,U) is the norm closure of span{au : a ∈ A, u ∈ U}.
Throughout this paper, we only consider crossed product-like inclusions are by discrete
amenable groups.
Remark 3.2. For any x ∈ B and ε > 0, there exist {a1, . . . , aN} ⊆ A1 and {u1, . . . , uN} ⊆ U
such that ‖x−∑Ni=1 aiui‖ < ε. In fact, letK be a positive integer withK ≥ max{‖a1‖, . . . , ‖aN‖}.
Define
a′(i−1)K+j :=
1
K
ai, i = 1, 2, . . . , N, j = 1, 2, . . . ,K.
Then a′k ∈ A1 and
N∑
i=1
aiui =
K∑
j=1
N∑
i=1
a′(i−1)K+jui.
Example 3.3. Let G be a discrete amenable group acting on a C∗-algebra A. Then an
inclusion A ⊆ A⋊G is crossed product-like by {λg}g∈G.
Example 3.4. Let (A,G,α, σ) be a twisted C∗-dynamical system and let A ⋊σα,r G be the
reduced twisted crossed product. Then an inclusion A ⊆ A⋊σα,r G is crossed product-like by
{λσ(g)}g∈G.
Example 3.5. Let A ⊆ B be a crossed product-like inclusion of C∗-algebras by U . Then for
a unital C∗-algebra C, A⊗ C ⊆ B ⊗ C is a crossed product inclusion by U ⊗ I.
Remark 3.6. If CI ⊆ A is a crossed product-like inclusion of C∗-algebras by a discrete
amenable group, then A is strongly amenable. Hence, the Cuntz algebras On are nuclear but
CI ⊆ On is not crossed product-like by discrete amenable groups.
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In the next lemma, to get a point-norm version of [6, Lemma 3.3] we modify the argument
of [9, Lemma 3.2] for crossed product-like inclusions by amenable groups.
Lemma 3.7. Let C ⊆ D be a unital inclusion of C∗-algebras and let A,B be intermediate
C∗-subalgebras for C ⊆ D with a conditional expectation E : D → B. Suppose that C ⊆ A
is crossed product-like by a discrete amenable group U and d(A,B) < γ < 1/4. Then for
any finite subset X ⊆ A1 and ε > 0, there exists a unital C-fixed (X, ε)-approximate ∗-
homomorphism φ : A→ B such that
‖φ− idA‖ ≤
(
8
√
2 + 2
)
γ.
Proof. Let a finite set X ⊆ A1 and 0 < ε < 1 be given. Let D act on a Hilbert space H.
By Stinespring’s theorem, we can find a Hilbert space K ⊇ H and a unital ∗-homomorphism
π : D → B(K) such that
E(d) = PHπ(d)|H , d ∈ D,
because E : D → B is a unital cpc map. Furthermore, PH ∈ π(B)′, since E is a B-fixed
map. By Lemma 2.13, there exists η > 0 such that for any self-adjoint operator t ∈ B(K)
with sp(t) ⊆ [0, 2γ] ∪ [1 − 2γ, 1] and x ∈ B(K) with ‖x‖ ≤ 2, the inequality ‖xt − tx‖ < η
implies ‖xp− px‖ < ε2/18, where p is the spectral projection of t for [1− 2γ, 1]. There exist
{u1, . . . , uN} ⊆ U and {c(x)i : 1 ≤ i ≤ N,x ∈ X} ⊆ C1 such that∥∥∥∥∥x−
N∑
i=1
c
(x)
i ui
∥∥∥∥∥ < ε3 , x ∈ X.
Let x˜ :=
∑N
i=1 c
(x)
i ui for x ∈ X. Then ‖x˜‖ ≤ ‖x‖ + ε < 2. Since U is amenable, we may
choose a finite subset F ⊆ U satisfying
|uiF △ F |
|F | <
η
N
, 1 ≤ i ≤ N.
Define
t :=
1
|F |
∑
v∈F
π(v)PHπ(v
∗) ∈ B(K).
Since U ⊆ NA(C) and PH ∈ π(C)′, we have t ∈ π(C)′. For any x ∈ X,
π(x˜)t =
N∑
i=1
π(c
(x)
i ui)
1
|F |
∑
v∈F
π(v)PHπ(v
∗)
=
1
|F |
N∑
i=1
∑
v∈F
π(c
(x)
i uiv)PHπ(v
∗)
=
1
|F |
N∑
i=1
∑
v˜∈uiF
π(c
(x)
i v˜)PHπ(v˜
∗ui)
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and
tπ(x˜) =
1
|F |
∑
v∈F
π(v)PHπ(v
∗)
N∑
i=1
π(c
(x)
i ui)
=
1
|F |
N∑
i=1
∑
v∈F
π(c
(x)
i v)PHπ(v
∗ui).
Therefore,
‖π(x˜)t− tπ(x˜)‖ ≤
N∑
i=1
|uiF △ F |
|F | < η, x ∈ X. (4)
For v ∈ F , there exists v′ ∈ B1 such that ‖v − v′‖ < γ. Since PH ∈ π(B)′, we have
‖π(v)PH − PHπ(v)‖ ≤ ‖π(v)PH − π(v′)PH‖+ ‖PHπ(v′)− PHπ(v)‖ ≤ 2γ.
Thus, sp(t) ⊆ [0, 2γ] ∪ [1− 2γ, 1], since
‖t− PH‖ =
∥∥∥∥∥ 1|F |
∑
v∈F
π(v)PHπ(v
∗)− 1|F |
∑
v∈F
PHπ(v)π(v
∗)
∥∥∥∥∥
≤ 1|F |
∑
v∈F
‖π(v)PH − PHπ(v)‖‖π(v∗)‖ ≤ 2γ.
Let q = χ[1−2γ,1](t) ∈ C∗(t, IK). By (4),
‖π(x˜)q − qπ(x˜)‖ < ε
2
18
, x ∈ X. (5)
Since ‖q − PH‖ ≤ 2‖t − PH‖ < 1, there exists a unitary w ∈ C∗(t, PH , IK) such that
wPHw
∗ = q and ‖w − IK‖ ≤
√
2‖q − PH‖. Define φ : A→ B(K) by
φ(a) = PHw
∗π(a)w|H , a ∈ A.
Since w ∈ C∗(t, PH , IK) ⊆ C∗(π(A), PH ) and PHπ(A)|H = ran(E) ⊂ B, the range of φ is
contained in B. Furthermore, φ|C = idC because w ∈ C∗(t, PH , IK) ⊆ π(C)′.
For x ∈ X ∪X∗, by using PHw∗ = PHw∗q and (10),
‖φ(x˜x˜∗)− φ(x˜)φ(x˜∗)‖ = ‖PHw∗π(x˜x˜∗)wPH − PHw∗π(x˜)wPHw∗π(x˜∗)wPH‖
= ‖PHw∗qπ(x˜x˜∗)wPH − PHw∗π(x˜)qπ(x˜∗)wPH‖
≤ ‖qπ(x˜)− π(x˜)q‖‖π(x˜∗)‖ < ε
2
9
.
(6)
Therefore, by (6) and Proposition 2.10,
‖φ(xx∗)− φ(x)φ(x∗)‖
≤ ‖φ(xx∗)− φ(xx˜∗)‖+ ‖φ(xx˜∗)− φ(x)φ(x˜∗)‖+ ‖φ(x)φ(x˜)− φ(x)φ(x∗)‖
≤ ‖xx∗ − xx˜∗‖+ ‖φ(x˜x˜∗)− φ(x˜)φ(x˜∗)‖1/2‖x‖+ ‖φ(x)‖‖φ(x˜∗)− φ(x∗)‖
≤ ε
3
+
ε
3
+
ε
3
= ε.
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For a ∈ A1, we have
‖φ(a) − a‖ ≤ ‖φ(a) − E(a)‖ + ‖E(a)− a‖
≤ ‖PHw∗π(a)wPH − PHπ(a)PH‖+ 2d(A,B)
≤ 2‖w − IK‖+ 2d(A,B) ≤ (8
√
2 + 2)γ,
and the lemma follows. 
The next lemma is a version of [9, Lemma 3.4] for crossed product-like inclusions by
amenable groups.
Lemma 3.8. Let A,B and C be C∗-algebras with a common unit. Suppose that C ⊆ A ∩B
and C ⊆ A is crossed product-like by a discrete amenable group U . Then for any finite
set X ⊆ A1 and ε > 0, there exist a finite set Y ⊆ A1 and δ > 0 with the following
property : Given γ < 1/10 and two unital C-fixed (Y, δ)-approximation ∗-homomorphisms
φ1, φ2 : A→ B with φ1 ≈Y,γ φ2, there exists a unitary u ∈ C ′ ∩B such that
φ1 ≈X,ε Ad(u) ◦ φ2 and ‖u− I‖ ≤
√
2(γ + δ).
Proof. Let a finite set X ⊆ A1 and 0 < ε < 1 be given. There exist {u1, . . . , uN} ⊆ U and
{c(x)i : 1 ≤ i ≤ N,x ∈ X} ⊆ C1 such that∥∥∥∥∥x−
N∑
i=1
c
(x)
i ui
∥∥∥∥∥ < ε3 , x ∈ X.
Let x˜ :=
∑N
i=1 c
(x)
i u
(x)
i for x ∈ X. Then ‖x˜‖ ≤ 1 + ε/3 < 2. By Lemma 2.13, there exists
η > 0 such that for any s ∈ B1 and a ∈ B with ‖a‖ ≤ 2, the inequality ‖ss∗a − ass∗‖ < η
implies ‖|s|a− a|s|‖ < ε/12. Let
0 < δ < min
{( ε
60
)2
,
η2
100
}
.
There exists a finite set Y ⊆ U such that
|uY △ Y |
|Y | <
δ
N
, u ∈ {ui, u∗i : 1 ≤ i ≤ N} .
Let γ < 1/10 and φ1, φ2 : A→ B be C-fixed (Y, δ)-approximation ∗-homomorphisms with
φ1 ≈Y,γ φ2. Define
s :=
1
|Y |
∑
v∈Y
φ1(v)φ2(v
∗).
Since φ1 and φ2 are C-fixed maps and for u ∈ U , uCu∗ = C, we have s ∈ C ′ ∩ B. By
Proposition 2.10, for x ∈ X and v ∈ Y ,
‖φ1(x˜v)− φ1(x˜)φ1(v)‖ ≤ ‖φ1(vv∗)− φ1(v)φ1(v∗)‖1/2‖x˜‖ ≤ 2
√
δ, (7)
‖φ2(v∗x˜)− φ2(v∗)φ2(x˜)‖ ≤ ‖φ2(v∗v)− φ2(v∗)φ2(v)‖1/2‖x˜‖ ≤ 2
√
δ. (8)
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Furthermore,
1
|Y |
∑
v∈Y
φ1(x˜v)φ2(v
∗) =
1
|Y |
∑
v∈Y
N∑
i=1
φ1
(
c
(x)
i uiv
)
φ2(v
∗)
=
1
|Y |
N∑
i=1
∑
v∈uiY
φ1
(
c
(x)
i v
)
φ2 (v
∗ui)
(9)
and
1
|Y |
∑
v∈Y
φ1(v)φ2(v
∗x˜) =
1
|Y |
∑
v∈Y
N∑
i=1
φ1(v)φ2
(
v∗c
(x)
i ui
)
=
1
|Y |
N∑
i=1
∑
v∈Y
φ1
(
c
(x)
i v
)
φ2 (v
∗ui)
(10)
By (9), (10) and the choice of Y , for x ∈ X,∥∥∥∥∥ 1|Y |
∑
v∈Y
φ1(x˜v)φ2(v
∗)− 1|Y |
∑
v∈Y
φ1(v)φ2(v
∗x˜)
∥∥∥∥∥ <
N∑
i=1
|u(x)i Y △ Y |
|Y | < δ. (11)
Similarly, we have∥∥∥∥∥ 1|Y |
∑
v∈Y
φ1(x˜
∗v)φ2(v
∗)− 1|Y |
∑
v∈Y
φ1(v)φ2(v
∗x˜∗)
∥∥∥∥∥ < δ, x ∈ X. (12)
By (7), (8) and (11),
‖φ1(x˜)s− sφ2(x˜)‖ ≤ δ + 4
√
δ < 5
√
δ, x ∈ X ∪X∗. (13)
By taking adjoints,
‖s∗φ1(x˜)− φ2(x˜)s∗‖ ≤ 5
√
δ, x ∈ X ∪X∗.
Thus, for x ∈ X ∪X∗,
‖φ2(x˜)s∗s− s∗sφ2(x˜)‖ ≤ ‖φ2(x˜)s∗s− s∗φ1(x˜)s‖+ ‖s∗φ1(x˜)s− s∗sφ2(x˜)‖
≤ ‖φ2(x˜)s∗ − s∗φ1(x˜)‖‖s‖ + ‖s∗‖‖φ1(x˜)s− sφ2(x˜)‖
≤ 10
√
δ < η.
By the choice of η and (14),
‖φ2(x˜)|s| − |s|φ2(x˜)‖ < ε
12
, x ∈ X ∪X∗. (14)
Since φ1 is a (Y, δ)-approximation ∗-homomorphism and φ1 ≈Y,γ φ2, we have
‖s− I‖ =
∥∥∥∥∥ 1|Y |
∑
v∈Y
φ1(v)φ2(v
∗)− 1|Y |
∑
v∈Y
φ1(vv
∗)
∥∥∥∥∥
≤ 1|Y |
∑
v∈Y
‖φ1(v)φ2(v∗)− φ1(v)φ1(v∗)‖+ 1|Y |
∑
v∈Y
‖φ1(v)φ1(v∗)− φ1(vv∗)‖
≤ γ + δ < 1.
(15)
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Since this inequality gives invertibility of s, the unitary u in the polar decomposition s = u|s|
lies in C∗(s, I) ⊆ C ′ ∩B and satisfies ‖u− I‖ ≤ √2(γ + δ). Then, by (15),
‖|s| − I‖ ≤ ‖u∗s− I‖ ≤ ‖s− I‖+ ‖I − u‖ ≤ (1 +
√
2)(γ + δ) <
1
2
.
Hence, ‖|s|−1‖ ≤ 2 so,
‖φ1(x˜)− uφ2(x˜)u∗‖ = ‖φ1(x˜)u− uφ2(x˜)‖
≤ ‖φ1(x˜)u|s| − uφ2(x˜)|s|‖ ‖|s|−1‖
≤ 2‖φ1(x˜)u|s| − uφ2(x˜)|s|‖
≤ 2‖φ1(x˜)s − sφ2(x˜)‖+ 2‖sφ2(x˜)− uφ2(x˜)|s|‖
≤ 10
√
δ + 2‖|s|φ2(x˜)− φ2(x˜)|s|‖
≤ 10
√
δ +
ε
6
<
ε
3
,
(16)
for x ∈ X, by (13), (14) and (15). For x ∈ X, by (16),
‖φ1(x)− uφ2(x)u∗‖ ≤ ‖φ1(x)− φ1(x˜)‖+ ‖φ1(x˜)− uφ2(x˜)u∗‖+ ‖uφ2(x˜)u∗ − uφ2(x)u∗‖
<
ε
3
+
ε
3
+
ε
3
= ε.
Therefore, φ1 ≈X,ε Ad(u) ◦ φ2. 
Remark 3.9. Let a pair (Y, δ) hold Lemma 3.8. Then for any finite set Y ′ ⊇ Y and constant
δ′ < δ, a pair (Y ′, δ′) holds Lemma 3.8.
By Lemma 3.7 and 3.8, we can show Theorem A.
Theorem 3.10. Let C ⊆ D be a unital irreducible inclusion of C∗-algebras acting on a
separable Hilbert space H. Let A and B be separable intermediate C∗-subalgebras for C ⊆ D
with a conditional expectation E : D → B. Suppose that C ⊆ A is crossed product-like by a
discrete amenable group. If d(A,B) < 140−1, then A = B.
Proof. Let a ∈ A1, ε > 0 and d(A,B) < γ < 140−1 be given. By Lemma 3.8, there exist a
finite subset Y ⊆ A1 and δ > 0 with the following property: Given γ′ < 1/10 and two unital
C-fixed (Y, δ)-approximate ∗-homomorphisms φ1, φ2 : A → D with φ1 ≈Y,γ′ φ2, there exists
a unitary u ∈ C ′ ∩D such that
‖φ1(a)− (Ad(u) ◦ φ2)(a)‖ ≤ ε.
By Lemma 3.7, there exists a unital C-fixed (Y, δ)-approximate ∗-homomorphism φ : A→ B
such that ‖φ− idA‖ ≤
(
8
√
2 + 2
)
γ. Then there exists a unitary u ∈ C ′ ∩D such that
‖φ(a) − (Ad(u))(a)‖ ≤ ε
by the definition of Y and δ. Since u ∈ C ′ ∩ D = CI, we have ‖φ(a) − a‖ ≤ ε. Therefore,
since φ(a) ∈ B and ε is arbitrary, a ∈ B, that is, A ⊆ B. Furthermore, by Lemma 2.4, the
theorem follows. 
In the following lemma, we modify [9, Lemma 3.6], which is a Kaplansky density style
result for approximate commutants.
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Lemma 3.11. Let C ⊆ A be a unital inclusion of non-degenerate C∗-algebras in B(H).
Suppose that C ⊆ A is crossed product-like by a discrete amenable group U . Then for any
finite set X ⊆ A1 and ε, µ > 0, there exist a finite set Y ⊆ A1 and δ > 0 with the following
property : Given a finite set S ⊆ H1 and a self-adjoint operator m ∈ C ′ ∩A1w with
‖my − ym‖ ≤ δ, y ∈ Y, (17)
there exists a self-adjoint operator a ∈ C ′ ∩A1 such that ‖a‖ ≤ ‖m‖,
‖ax− xa‖ < ε, x ∈ X, (18)
and
‖(a−m)ξ‖ < µ and ‖(a−m)∗ξ‖ < µ, ξ ∈ S. (19)
Proof. Let a finite set X ⊆ A1 and ε, µ > 0 be given. There exist {u1, . . . , uN}⊆ U and
{c(x)i : 1 ≤ i ≤ N,x ∈ X} ⊆ C1 such that∥∥∥∥∥x−
N∑
i=1
c
(x)
i ui
∥∥∥∥∥ < ε3 , x ∈ X.
Let x˜ :=
∑N
i=1 c
(x)
i ui for x ∈ X. Since U is amenable, there exists a finite set F ⊆ U such
that
|uiF △ F |
|F | <
ε
3N
, 1 ≤ i ≤ N. (20)
Define Y := F ∪ F ∗ and δ := µ/2.
Let S be a finite set in H1 and m ∈ C ′ ∩A1w be a self-adjoint operator with
‖my − ym‖ < δ, y ∈ Y. (21)
By Kaplansky’s density theorem, there exists a self-adjoint operator a0 ∈ C ′ ∩ A1 such that
‖a0‖ ≤ ‖m‖,
‖(a0 −m)v∗ξ‖ < µ and ‖(a0 −m)∗vξ‖ < µ, v ∈ Y, ξ ∈ S. (22)
Define
a :=
1
|F |
∑
v∈F
va0v
∗.
Then, ‖a‖ ≤ ‖a0‖ ≤ ‖m‖.
For any x ∈ X,
‖x˜a− ax˜‖ =
∥∥∥∥∥ 1|F |
N∑
i=1
∑
v∈F
c
(x)
i uiva0v
∗ − 1|F |
N∑
i=1
∑
v∈F
c
(x)
i va0v
∗ui
∥∥∥∥∥
=
∥∥∥∥∥∥
1
|F |
N∑
i=1
c
(x)
i

 ∑
v˜∈uiF
v˜a0v˜
∗ui −
∑
v∈F
va0v
∗ui


∥∥∥∥∥∥
≤
N∑
i=1
|uiF △ F |
|F | <
ε
3
,
(23)
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by (20). For x ∈ X, since ‖x− x˜‖ < ε/3,
‖xa− ax‖ ≤ ‖xa− x˜a‖+ ‖x˜a− ax˜‖+ ‖x˜a− xa‖
≤ ε
3
+
ε
3
+
ε
3
= ε
by (23).
For ξ ∈ S, by (21) and (22),
‖(a−m)ξ‖
≤
∥∥∥∥∥
(
1
|F |
∑
v∈F
va0v
∗ − 1|F |
∑
v∈F
vmv∗
)
ξ
∥∥∥∥∥+
∥∥∥∥∥
(
1
|F |
∑
v∈F
vmv∗ − 1|F |
∑
v∈F
vv∗m
)
ξ
∥∥∥∥∥
≤ max
v∈F
‖(a0 −m)v∗ξ‖+max
v∈F
‖mv∗ − v∗m‖
≤ µ
2
+ δ = µ.
Similarly, for ξ ∈ S,
‖(a−m)∗ξ‖ ≤ max
v∈F
‖(a0 −m)∗vξ‖+max
v∈F
‖mv − vm‖ ≤ µ
2
+ δ = µ,
and the lemma follows. 
By Lemma 2.14 and 3.11, we obtain the following version of Lemma 3.11 for unitary
operators. We need the next lemma in Section 6.
Lemma 3.12. Let C ⊆ A be a unital inclusion of non-degenerate C∗-algebras in B(H).
Suppose that C ⊆ A is crossed product-like by a discrete amenable group U . Then for any
finite set X ⊆ A1, ε0, µ0 > 0 and 0 < α < 2, there exist a finite set Y ⊆ A1 and δ0 > 0
with the following property : Given a finite set S ⊆ H1 and a unitary u ∈ C ′ ∩Aw with
‖u− IH‖ ≤ α and
‖uy − yu‖ ≤ δ0, y ∈ Y, (24)
there exists a unitary v ∈ C ′ ∩A such that ‖v − IH‖ ≤ ‖u− IH‖,
‖vx− xv‖ < ε0, x ∈ X, (25)
and
‖(v − u)ξ‖ < µ0 and ‖(v − u)∗ξ‖ < µ0, ξ ∈ S. (26)
Proof. Let a finite set X ⊆ A1, ε0, µ0 > 0 and 0 < α < 2 be given. There exists 0 < c < π
such that |1 − eipiθ| ≤ α if and only if θ ∈ [−c, c] modulo 2π. By Lemma 2.13, there exists
ε > 0 such that given a self-adjoint operator k ∈ B(H)1 and a ∈ B(H)1, if ‖ak − ka‖ < ε,
then ‖aeipik − eipika‖ < ε0.
By Lemma 2.14, there exists µ > 0 with the following property: Given a finite set S ⊆ H1
and a self-adjoint operator k ∈ B(H)1, there exists a finite set S′ ⊆ H1 such that for a
self-adjoint operator k ∈ B(H)1, if
‖(h− k)ξ′‖ < µ0, ξ′ ∈ S′,
then
‖(eipih − eipik)ξ‖ < µ and ‖(eipih − eipik)∗ξ‖ < µ, ξ ∈ S.
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By Lemma 3.11, there exist a finite set Y ⊆ A1 and δ > 0 with the following property: For
any finite set S ⊆ H1 and self-adjoint operator m ∈ C ′ ∩A1w with
‖my − ym‖ < δ, y ∈ Y,
there exists a self-adjoint operator a ∈ C ′ ∩A1 such that ‖a‖ ≤ ‖m‖,
‖ax− xa‖ < ε, x ∈ X,
‖(a−m)ξ‖ < µ and ‖(a−m)∗ξ‖ < µ, ξ ∈ S.
By Lemma 2.13, there exists δ0 > 0 such that for any y ∈ B(H) and unitary u ∈ B(H) with
‖u− IH‖ ≤ α, if ‖uy − yu‖ ≤ δ0, then∥∥∥∥ log uπ y − y log uπ
∥∥∥∥ ≤ δ.
Given a finite set S ⊂ H1 and a unitary u ∈ C ′ ∩Aw with ‖u− IH‖ ≤ α and
‖uy − yu‖ ≤ δ0, y ∈ Y.
Let
h := −i log u
π
∈ C ′ ∩M.
By the definition of δ0,
‖hy − yh‖ ≤ δ, y ∈ Y.
By the definition of µ, there exists a finite set S′ ⊆ H1 such that for any self-adjoint operator
k ∈ B(H)1, if
‖(h − k)ξ′‖ < µ0, ξ′ ∈ S′,
then
‖(eipih − eipik)ξ‖ < µ and ‖(eipih − eipik)∗ξ‖ < µ, ξ ∈ S.
By the definitions of Y and δ, there exists a self-adjoint operator k ∈ C ′ ∩ A1 such that
‖k‖ ≤ ‖h‖,
‖kx− xk‖ < ε, x ∈ X,
‖(h − k)ξ′‖ < µ and ‖(h − k)∗ξ′‖ < µ, ξ′ ∈ S′.
Define v := eipik. Then, we have ‖v − IH‖ ≤ ‖eipih − IH‖ = ‖u− IH‖.
By the definition of ε and S′, we have
‖vx− xv‖ < ε0, x ∈ X
and
‖(v − u)ξ‖ < µ0 and ‖(v − u)∗ξ‖ < µ0, ξ ∈ S.
Hence the lemma is proved. 
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4. Isomorphisms
In this section, we show Theorem B. Given a unital inclusion C ⊆ D of C∗-algebras and
intermediate C∗-subalgebras A,B for this inclusion with a conditional expectation form D
onto B, if A = C ⋊G, where G is a discrete amenable group, and if A and B are sufficiently
close, then A must be ∗-isomorphic to B. To do this, we modify [9, Lemma 4.1] in the
next lemma. The approximation approach of [9, Lemma 4.1] inspired by the intertwining
arguments of [8, Theorem 6.1].
Lemma 4.1. Let C ⊆ D be a unital inclusion of C∗-algebras and let A,B be separable
intermediate C∗-subalgebras for C ⊆ D with a conditional expectation E : D → B. Let
{an}∞n=0 be a dense subset in A1 with a0 = 0. Suppose that C ⊆ A is crossed product-like by a
discrete amenable group and d(A,B) < γ < 10−3. Put η := (8
√
2 + 2)γ. Then for any finite
set X ⊆ A1, there exist finite subsets {Xn}∞n=0, {Yn}∞n=0 ⊆ A1, positive constants {δn}∞n=0,
C-fixed cpc maps {θn : A → B}∞n=0 and unitaries {un}∞n=1 ⊆ C ′ ∩ B with the following
conditions :
(a) For n ≥ 0, δn < min{2−n, γ}, an ∈ Xn ⊆ Xn+1 and X ⊆ X1;
(b) For n ≥ 0 and two unital C-fixed (Yn, δn)-approximation ∗-homomorphisms φ1, φ2 : A→
B with φ1 ≈Yn,2η φ2, there exists a unitary u ∈ C ′∩B such that Ad(u)◦φ1 ≈Xn,γ/2n φ2
and ‖u− I‖ ≤ √2(2η + δn);
(c) For n ≥ 0, Xn ⊆ Yn;
(d) For n ≥ 0, θn is a (Yn, δn)-approximation ∗-homomorphism with ‖θn − idA‖ ≤ η;
(e) For n ≥ 1, Ad(un) ◦ θn ≈Xn−1,γ/2n−1 θn−1 and ‖un − I‖ ≤
√
2(2η + δn−1).
Proof. We prove this lemma by the induction. Let a finite subset X ⊆ A1 be given. Let
X0 = {0} = {a0} = Y0, δ = 1 and θ := E|A : A→ B.
Suppose that we can construct completely up to the n-th stage. We will write the condition
(a) for n as (a)n. Let Xn+1 := Xn ∪X ∪ {an+1} ∪ Yn. By Lemma 3.8, there exist a finite set
Yn+1 ⊆ A1 and 0 < δn+1 < min{δn, 2−(n+1), γ} satisfying condition (b)n+1 and Xn+1 ⊆ Yn+1.
By Lemma 3.7, there exists a unital C-fixed (Yn+1, δn+1)-approximation ∗-homomorphism
θn+1 : A → B such that ‖θn+1 − idA‖ ≤ η. Therefore, Xn+1, Yn+1, δn+1 and θn+1 satisfy
(a)n+1, (b)n+1, (c)n+1 and (d)n+1.
Since Yn ⊆ Yn+1 and δn+1 < δn, θn and θn+1 are unital C-fixed (Yn, δn)-approximation
∗-homomorphisms with ‖θn−θn+1‖ ≤ 2η. Thus, by (b)n, there exists a unitary un+1 ∈ C ′∩B
such that Ad(un+1)◦θn+1 ≈Xn,γ/2n θn and ‖un+1−I‖ ≤
√
2(2η+δn). Then (e)n+1 follows. 
Proposition 4.2. Let C ⊆ D be a unital inclusion of C∗-algebras and let A and B be separable
intermediate C∗-subalgebras for C ⊆ D with a conditional expectation E : D → B. Suppose
that C ⊆ A is crossed product-like by a discrete amenable group and d(A,B) < γ < 10−3.
Then for any finite subset X ⊆ A1, there exists a C-fixed surjective ∗-isomorphism α : A→ B
such that
α ≈X,15γ idA.
Proof. Let {an}∞n=0 be a dense subset in A1 with a0 = 0. Put η := (8
√
2+2)γ. By Lemma 4.1,
we can construct {Xn}∞n=0, {Yn}∞n=0 ⊆ A1, {δn}∞n=0, {θn : A→ B}∞n=0 and {un}∞n=1 ⊆ C ′ ∩B
which satisfy conditions (a)-(e) of that lemma. For any n ≥ 1, define
αn := Ad(u1 · · · un) ◦ θn.
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Fix k ∈ N and x ∈ Xk. For any n ≥ k,
‖αn+1(x)− αn(x)‖ = ‖ (Ad(u1 · · · un) ◦ Ad(un+1) ◦ θn+1 −Ad(u1 · · · un) ◦ θn) (x)‖
= ‖ (Ad(un+1) ◦ θn+1 − θn) (x)‖ ≤ γ
2n
(27)
For any ε > 0, there exists N ≥ k such that γ/2N−1 < ε. For any two natural numbers
m ≥ n ≥ N , by (27),
‖αm(x)− αn(x)‖ ≤
m−1∑
j=n
‖αj+1(x)− αj(x)‖ ≤
m−1∑
j=n
γ
2j
<
γ
2N−1
< ε.
Thus, {αn(x)} is a cauchy sequence. Since
⋃
∞
n=0Xn is dense in A1, the sequence {αn}
converges in the point-norm topology to a C-fixed cpc map α : A → B. Moreover, α is a
∗-homomorphism, since limn→∞ δn = 0 and
⋃
∞
n=0 Yn is dense in A1.
For any n ∈ N and x ∈ Xn,
‖α(x) − αn(x)‖ ≤
∞∑
j=n
‖αj+1(x)− αj(x)‖ ≤
∞∑
j=n
γ
2j
=
γ
2n−1
. (28)
Hence, by (e) in Lemma 4.1,
‖α(x)‖ ≥ |‖α(x) − αn(x)‖ − ‖αn(x)‖|
≥ ‖αn(x)‖ − γ
2n−1
= ‖θn(x)‖ − γ
2n−1
≥ |‖θn(x)− x‖ − ‖x‖| − γ
2n−1
≥ ‖x‖ − η − γ
2n−1
.
(29)
Let n→∞ in (29). Then, for any x in the unit sphere of A, we have
‖α(x)‖ ≥ 1− η > 0, (30)
by the density of
⋃
∞
n=0Xn in A1. Therefore, α is an injective map.
For any b ∈ B1 and n ∈ N, there exists x ∈ A1 such that ‖x− u∗n · · · u∗1bu1 · · · un‖ < γ.
‖αn(x)− bj‖ = ‖u1 · · · unθn(x)u∗n · · · u∗1 − b‖
≤ ‖θn(x)− x‖+ ‖x− u∗n · · · u∗1bu1 · · · un‖
< η + γ < 1.
Thus, d(α(A), B) < 1, that is, α is a surjective map by Proposition 2.4.
For any x ∈ X,
‖α(x) − x‖ ≤ ‖α(x) − α1(x)‖ + ‖θ1(x)− x‖ ≤ γ + η < 15γ.
by (29) and (e) in Lemma 4.1. 
Theorem 4.3. Let C ⊆ D be a unital inclusion of C∗-algebras and let A and B be separable
intermediate C∗-subalgebras for C ⊆ D with a conditional expectation E : D → B. Suppose
that C ⊆ A is crossed product-like by a discrete amenable group and d(A,B) < γ < 10−3.
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Then for any finite subset X ⊆ A1 and finite set Y ⊆ B1, there exists a C-fixed surjective
∗-isomorphism α : A→ B such that
α ≈X,15γ idA and α−1 ≈Y,17γ idB.
Proof. There exists a finite set X˜ ⊆ A1 such that X˜ ⊂γ Y . By Proposition 4.2, there exists
a C-fixed surjective ∗-isomorphism α : A→ B such that
α ≈X∪X˜,15γ idA.
Fix y ∈ Y . Since X˜ ⊂γ Y , there exists x˜ ∈ X˜ such that ‖x˜− y‖ < γ. Then, we have
‖α−1(y)− y‖ ≤ ‖α−1(y)− x˜‖+ ‖x˜− y‖
≤ ‖y − α(x˜)‖+ γ
≤ ‖y − x˜‖+ ‖x˜− α(x˜)‖+ γ
≤ γ + 15γ + γ ≤ 17γ.
Therefore, α−1 ≈Y,17γ idB. 
5. Crossed product von Neumann algebras by amenable groups
In Theorem 5.7, we now show that given a unital inclusion N ⊆ M of von Neumann
algebras and intermediate von Neumann subalgebras A,B for this inclusion with a normal
conditional expectation form M onto B, if A = N ⋊ G, where G is a discrete amenable
group, and if A and B are sufficiently close, then there exists a unitary u ∈ N ′∩M such that
uAu∗ = B. This unitary can be chosen to be close to the identity.
Definition 5.1. Let N ⊆M be a unital inclusion of von Neumann algebras in B(H). Then
we call the inclusion N ⊆ M is crossed product-like if there exists a discrete group U in
NM (N) such that M = (N ∪ U)′′.
Example 5.2. Let G be a discrete amenable group acting on a von Neumann algebra N .
Then an inclusion N ⊆ N ⋊G is crossed product-like by {λg}g∈G.
Example 5.3. Let A ⊆ B be a crossed product-like inclusion of C∗-algebras acting non-
degenerately on H. Then an inclusion A¯w ⊆ B¯w of von Neumann algebras is crossed product-
like.
Remark 5.4. Let N ⊆ M be a crossed product-like inclusion of von Neumann algebras
in B(H) by a discrete amenable group U ⊆ NM (N). Then there is a left-invariant mean
m : ℓ∞(U)→ R with a net of finite subsets {Fµ} ⊆ U such that
lim
µ
1
|Fµ|
∑
g∈Fµ
f(g) = m(f), f ∈ ℓ∞(U).
Given a linear bounded map φ : U → B(H). For ξ, η ∈ H, define φξ,η ∈ ℓ∞(U) by
φξ,η(u) = 〈φ(u)ξ, η〉, u ∈ U.
Then there is an operator Tφ ∈ B(H) which we will often write in the form
Tφ =
∫
u∈U
φ(u)dm
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such that
〈Tφξ, η〉 = m(φξ,η) =
∫
u∈U
〈φ(u)ξ, η〉dm, ξ, η ∈ H.
By the construction of m, we have
〈Tφξ, η〉 = lim
µ
1
|Fµ|
∑
u∈Fµ
〈φ(u)ξ, η〉 , ξ, η ∈ H,
that is, Tφ ∈ convw{φ(u) : u ∈ U}. Furthermore,
‖Tφ‖ = sup
ξ,η∈H
∣∣∣∣
∫
u∈U
〈φ(u)ξ, η〉dm
∣∣∣∣
≤
∫
u∈U
sup
ξ,η∈H
|〈φ(u)ξ, η〉| dm =
∫
u∈U
‖φ(u)‖dm.
In the next lemma, we shall find a unital normal ∗-homomorphism between von Neumann
algebras. This lemma is originated in Christensen’s work [6, Lemma 3.3], which discusses the
perturbation theory for injective von Neumann algebras.
Lemma 5.5. Let N ⊆ M be an inclusion of von Neumann algebras in B(H) and let A,B
be intermediate von Neumann subalgebras for N ⊆M with a normal conditional expectation
E : M → B. Suppose that N ⊆ A is crossed product-like by a discrete amenable group U and
d(A,B) < γ < 1/4. Then there exists a unital N -fixed normal ∗-homomorphism Φ: A → B
such that
‖Φ − idA‖ ≤ (8
√
2 + 2)γ.
Proof. Let A0 := span{xu : x ∈ N,u ∈ U}. By Stinespring’s theorem, there exist a Hilbert
space H˜ ⊇ H and a unital normal ∗-homomorphism π : M → B(H˜) such that
E(x) = PHπ(x)|H , x ∈M.
Let m : ℓ∞(U)→ R be a left-invariant mean with a net of finite subsets {Fµ} ⊆ U such that
lim
µ
1
|Fµ|
∑
g∈Fµ
f(g) = m(f), f ∈ ℓ∞(U).
Define
t :=
∫
u∈U
π(u)PHπ(u
∗)dm.
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Since PH ∈ π(N)′, we have t ∈ π(N)′. Fix x ∈ A0. Then there exist {u1, . . . , uN} ⊆ U and
{x1, . . . , xN} ⊆ N1 such that x =
∑N
i=1 xiui. For any ξ, η ∈ H,
〈π(x)tξ, η〉 =
∫
u∈U
〈π(x)π(u)PHπ(u∗)ξ, η〉 dm
=
∫
u∈U
N∑
i=1
〈π(xiuiu)PHπ(u∗)ξ, η〉 dm
=
N∑
i=1
∫
v∈U
〈π(xiv)PHπ(v∗ui)ξ, η〉 d(u∗im)
=
N∑
i=1
∫
v∈U
〈π(xiv)PHπ(v∗ui)ξ, η〉 dm
=
N∑
i=1
∫
v∈U
〈π(v)PHπ(v∗xiui)ξ, η〉 dm
=
∫
u∈U
〈π(u)PHπ(u∗)π(x)ξ, η〉 dm = 〈tπ(x)ξ, η〉 .
Therefore, t ∈ π(A)′ by the normality of π. Furthermore, for u ∈ U , there is v ∈ B1 such
that ‖u− v‖ < γ. Then since PH ∈ π(B)′, we have
‖π(u)PH − PHπ(u)‖ ≤ ‖π(u)PH − π(v)PH‖+ ‖PHπ(v)− PHπ(u)‖ < 2γ.
Therefore,
‖t− PH‖ ≤
∫
u∈U
‖π(u)PHπ(u∗)− PH‖dm
=
∫
u∈U
‖π(u)PH − PHπ(u)‖dm ≤ 2γ < 1
2
.
Define δ := ‖t − PH‖ and q := χ[1−δ,1](t). Since ‖q − PH‖ ≤ 2δ < 1, there exists a unitary
w ∈ C∗(t, PH , IH˜) such that wPHw∗ = q and ‖w − IH˜‖ ≤ 2
√
2δ by Lemma 2.7 (3). Define a
map Φ: A→ B(H˜) by
Φ(x) := PHw
∗π(x)w|H , x ∈ A.
Since t ∈ convw{π(u)PHπ(u∗) : u ∈ U} and PHπ(A)|H = E(A) ⊆ B, we have Φ(A) ⊆ B.
For any x, y ∈ A,
Φ(x)Φ(y) = PHw
∗π(x)wPHw
∗π(y)wPH
= PHw
∗π(x)qπ(y)wPH
= PHw
∗qπ(xy)wPH
= PHw
∗π(xy)wPH = Φ(xy).
Therefore, Φ is a ∗-homomorphism.
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Furthermore, for any x ∈ A1,
‖Φ(x)− x‖ ≤ ‖Φ(x)− E(x)‖ + ‖E(x) − x‖
≤ ‖PHw∗π(x)wPH − PHπ(x)PH‖+ 2d(A,B)
≤ 2‖w − IH˜‖+ 2d(A,B)
≤ (8
√
2 + 2)γ.
Since w ∈ C∗(t, PH , IH˜) ⊆ π(N)′, Φ is a N -fixed map. 
We base the next lemma on Christensen’s work [6, Propositions 4.2 and 4.4], which show
similar results for injective von Neumann algebras.
Lemma 5.6. Let A,B and N be von Neumann algebras in B(H) with N ⊆ A ∩B. Suppose
that N ⊆ A is crossed product-like by a discrete amenable group U . Then given two unital
N -fixed normal ∗-homomorphisms Φ1,Φ2 : A→ B with ‖Φ1−Φ2‖ < 1, there exists a unitary
u ∈ N ′ ∩B such that Φ1 = Ad(u) ◦ Φ2 and ‖u− I‖ ≤
√
2‖Φ1 − Φ2‖.
Proof. Let A0 := span{xu : x ∈ N,u ∈ U} and let m : ℓ∞(U) → R be a left-invariant mean
with there is a net of finite subsets {Fµ} ⊆ U such that mµ → m in the weak-∗ topology,
where
mµ(f) =
1
|Fµ|
∑
g∈Fµ
f(g), f ∈ ℓ∞(U).
Define
s :=
∫
u∈U
Φ1(u)Φ2(u
∗)dm.
Since Φ1 and Φ2 are N -fixed maps and U ⊆ NA(N), we have s ∈ N ′ ∩B. For x ∈ A0, there
exist {u1, . . . , uN} ⊆ U and {x1, . . . , xN} ⊆ N such that x =
∑N
i=1 xiui. For any ξ, η ∈ H,
〈Φ1(x)sξ, η〉 =
∫
u∈U
〈Φ1(x)Φ1(u)Φ2(u∗)ξ, η〉 dm
=
∫
u∈U
N∑
i=1
〈Φ1(ciuiu)Φ2(u∗)ξ, η〉 dm
=
N∑
i=1
∫
v∈U
〈Φ1(civ)Φ2(v∗ui)ξ, η〉 d(u∗im)
=
N∑
i=1
∫
v∈U
〈Φ1(civ)Φ2(v∗ui)ξ, η〉 dm
=
N∑
i=1
∫
v∈U
〈Φ1(v)Φ2(v∗ciui)ξ, η〉 dm
=
∫
v∈U
〈Φ1(v)Φ2(v∗x)ξ, η〉 dm = 〈sΦ2(x)ξ, η〉.
Therefore, by the normality of Φ1 and Φ2,
Φ1(x)s = sΦ2(x), x ∈ A. (31)
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By taking adjoint,
s∗Φ1(x) = Φ2(x)s
∗, x ∈ A. (32)
By (31) and (32), for x ∈ A, s∗sΦ2(x) = s∗Φ1(x)s = Φ2(x)s∗s. Thus,
|s|−1Φ2(x) = Φ2(x)|s|−1, x ∈ A. (33)
Furthermore,
‖s− IH‖ ≤
∫
u∈U
‖Φ1(u)Φ2(u∗)− Φ1(u)Φ1(u∗)‖dm ≤ ‖Φ1 − Φ2‖ < 1.
Hence by Lemma 2.7 (1), we can choose the unitary u ∈ C∗(s, I) ⊆ N ′ ∩ B in the polar
decomposition of s with ‖u− I‖ ≤ √2‖s − I‖.
By (31) and (33),
Φ1(x)u = Φ1(x)s|s|−1 = sΦ2(x)|s|−1 = s|s|−1Φ2(x) = uΦ2(x), x ∈ A.
Therefore, Φ1 = Ad(u) ◦Φ2. 
Using Lemma 5.5 and 5.6, it follows Theorem C.
Theorem 5.7. Let N ⊆M be an inclusion of von Neumann algebras in B(H) and let A,B
be intermediate von Neumann subalgebras for N ⊆M with a normal conditional expectation
from M onto B. Suppose that N ⊆ A is crossed product-like by a discrete amenable group
and d(A,B) < γ < 10−2. Then there exists a unitary u ∈ N ′ ∩ (A∪B)′′ such that uAu∗ = B
and ‖u− I‖ ≤ 2(8 +√2)γ.
Proof. By Lemma 5.5, there exists a unital N -fixed normal ∗-homomorphism Φ: A→ B such
that
‖Φ − idA‖ ≤ (8
√
2 + 2)γ.
Since (8
√
2 + 2)γ < 1, there exists a unitary u ∈ N ′ ∩ (A ∪ B)′′ such that Φ = Ad(u) and
‖u− I‖ ≤ √2‖Φ− idA‖ by Lemma 5.6. Thus,
uAu∗ = Φ(A) ⊆ B.
Fix x ∈ B1. There exists y ∈ A1 such that ‖x− y‖ ≤ γ. Then,
‖y − uxu∗‖ ≤ ‖y − x‖+ ‖x− uxu∗‖ ≤ γ + 2‖u − I‖ < 1.
Thus, d(uAu∗, B) < 1, that is, uAu∗ = B by Proposition 2.4. 
Corollary 5.8. Let C ⊆ D be a unital inclusion of C∗-algebras and let A,B be intermediate
C∗-subalgebras for C ⊆ D with a conditional expectation E : D → B. Suppose that C ⊆ A is
crossed product-like by a discrete amenable group and d(A,B) < γ < 10−2. Then there exists
a unitary u ∈ (C∗∗)′ ∩W ∗(A∗∗, B∗∗) such that uA∗∗u∗ = B∗∗ and ‖u− I‖ ≤ 2(8 +√2)γ.
Proof. By a general construction, there exists a normal conditional expectation E∗∗ : D∗∗ →
B∗∗. Let (π,H) be the universal representation of D and identify A∗∗, B∗∗, C∗∗ and D∗∗
with π(A)′′, π(B)′′, π(C)′′ and π(D)′′, respectively. Then by Theorem 5.7 and Lemma 2.6,
the corollary follows. 
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6. Unitary equivalence
In this section, we show the fourth main result: Theorem D. For a unital inclusion C ⊆ D of
C∗-algebras acting on a separable Hilbert spaceH and sufficiently close separable intermediate
C∗-subalgebras A, B for C ⊆ D with a conditional expectation of D onto B, if A = C ⋊G
with G discrete amenable and if C ′∩A is weakly dense in C ′∩Aw, then A and B are unitarily
equivalent. The unitary can be chosen in the relative commutant of C ′ ∩ (A ∪B)′′. To show
this, we modify the arguments of Section 5 in Christensen et al. [9].
Lemma 6.1. Let C ⊆ D be a unital inclusion of C∗-algebras acting non-degenerately on a
separable Hilbert space H. Let A and B be separable intermediate C∗-subalgebras for C ⊆ D
with a conditional expectation E : D → B. Suppose that C ⊆ A is crossed product-like by a
discrete amenable group and C ′ ∩ C∗(A,B) ⊆ C ′ ∩Aw. If d(A,B) < γ < 10−4, then for any
finite subsets X ⊆ B1, ZA ⊆ A1 and ε, µ > 0, there exist finite subsets Y ⊆ B1, Z ⊆ A1, a
positive constant δ > 0, a unitary u ∈ C ′ ∩C∗(A,B) and a C-fixed surjective ∗-isomorphism
θ : B → A with the following conditions :
(i) δ < ε;
(ii) X ⊆ε Y ;
(iii) ‖u− I‖ ≤ 75γ;
(iv) θ ≈Y,δ Ad(u);
(v) θ ≈X,117γ idB and θ−1 ≈ZA,115γ idA;
(vi) For any C-fixed surjective ∗-isomorphism φ : B → A with φ−1 ≈Z,365γ idA, there
exists a unitary w ∈ C ′ ∩A such that
Ad(w) ◦ φ ≈Y,δ/2 θ and ‖w − u‖ ≤ 665γ;
(vii) For any finite subset S ⊆ H1 and unitary v ∈ C ′ ∩ C∗(A,B) with Ad(v) ≈Y,δ θ
and ‖v − u‖ ≤ 740γ, there exists a unitary v˜ ∈ C ′ ∩ A such that Ad(v˜v) ≈X,ε θ,
‖v˜ − I‖ ≤ 740γ and
‖(v˜v − u)ξ‖ < µ and ‖(v˜v − u)∗ξ‖ < µ, ξ ∈ S.
Proof. Let X,ZA, ε and µ be given. By Lemma 3.8, there exists a finite subset Z1 ⊆ B1
satisfying the following condition: given two unital C-fixed ∗-homomorphisms φ1, φ2 : B → B
with φ1 ≈Z1,32γ φ2, there exists a unitary w1 ∈ C ′ ∩B such that φ1 ≈X,ε/3 Ad(w1) ◦ φ2 and
‖w1 − IH‖ ≤ 32
√
2γ.
By Proposition 4.2, there exists a C-fixed surjective ∗-isomorphism β : B → A such that
β ≈Z1,17γ idB . (34)
Let X0 := β(X).
By Lemma 3.12, there exist a finite set Y0 ⊆ A1 and δ > 0 with the following properties:
δ < ε/6, X0 ⊆ Y0 and given a finite set S0 ⊆ H1 and a unitary u ∈ C ′ ∩ C∗(A,B) with
‖u− I‖ ≤ 740γ and
‖uy0 − y0u‖ ≤ 3δ, y0 ∈ Y0,
there exists a unitary v ∈ C ′ ∩A such that ‖v − I‖ ≤ 740γ,
‖vx0 − x0v‖ ≤ ε
6
, x0 ∈ X0
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and
‖(v − u)ξ0‖ < µ and ‖(v − u)∗ξ0‖ < µ, ξ0 ∈ S0,
since C ′ ∩ C∗(A,B) ⊆ C ′ ∩Aw.
By Lemma 3.8, there exists a finite set Z ⊆ A1 with the following properties: β(Z1)∪ZA ⊆
Z and given γ0 < 1/10 and two unital C-fixed ∗-homomorphism φ1, φ2 : A→ C∗(A,B) with
φ1 ≈Z,γ0 φ2, there exists a unitary u0 ∈ C ′ ∩ C∗(A,B) such that Ad(u0) ◦ φ1 ≈Y0,δ/2 φ2 and
‖u0 − I‖ ≤
√
2γ0.
By Proposition 4.3, there exists a C-fixed surjective ∗-isomorphism σ : A→ B such that
σ ≈Z,15γ idA and σ−1 ≈X,17γ idB . (35)
Hence, by the choice of Z, there exists a unitary u0 ∈ C ′ ∩ C∗(A,B) such that
σ ≈Y0,δ/2 Ad(u0) (36)
and ‖u0 − I‖ ≤ 15
√
2γ < 25γ.
Since β(Z1) ⊆ Z, (34) and (35), we have
σ ◦ β ≈Z1,32γ idB. (37)
By the definition of Z1, there exists a unitary w1 ∈ C ′ ∩B such that
σ ◦ β ≈X,ε/3 Ad(w1) (38)
and ‖w1 − I‖ ≤ 32
√
2γ < 50γ.
Now define θ := σ−1 ◦ Ad(w1), Y := θ−1(Y0) and u := u∗0w1. Fix y ∈ Y . Let y0 := θ(y) ∈
Y0. Then,
‖θ(y)−Ad(u)(y)‖ = ‖y0 − (Ad(u) ◦ θ−1)(y0)‖
= ‖y0 − (Ad(u∗0) ◦ σ)(y0)‖
= ‖Ad(u0)(y0)− σ(y0)‖ ≤ δ
2
,
since θ−1 = Ad(w∗1) ◦ σ and (36). Thus, θ ≈Y,δ/2 Ad(u), so that condition (iv) holds.
By the definition of u, we have
‖u− I‖ = ‖w1 − u0‖ ≤ ‖w1 − I‖+ ‖I − u0‖ < 75γ.
Hence, condition (iii) holds.
For any x ∈ X,
‖θ(x)− x‖ ≤ ‖(σ−1 ◦ Ad(w1))(x) − σ−1(x)‖+ ‖σ−1(x)− x‖
≤ 2‖w1 − IH‖+ 17γ
≤ 100γ + 17γ = 117γ.
(39)
For any z ∈ Z,
‖θ−1(z)− z‖ ≤ ‖(Ad(w∗1) ◦ σ)(z) −Ad(w∗1)(z)‖ + ‖Ad(w∗1)(z) − z‖
≤ ‖σ(z) − z‖+ 2‖w1 − I‖
≤ 15γ + 100γ = 115γ.
Therefore,
θ−1 ≈Z,115γ idA. (40)
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Since ZA ⊆ Z, we have θ−1 ≈ZA,115γ idA, so that condition (v) holds.
By (38),
θ = σ−1 ◦ Ad(w1) ≈X,ε/3 σ−1 ◦ σ ◦ β = β (41)
Fix x0 ∈ X0. Let x := β−1(x0) ∈ X. Then, by (41),
‖θ−1(x0)− β−1(x0)‖ = ‖(θ−1 ◦ β)(x) − x‖ = ‖β(x) − θ(x)‖ ≤ ε
3
.
Therefore,
θ−1 ≈X0,ε/3 β−1. (42)
Hence,
X = β−1(X0) ⊆ε/3 θ−1(X0) ⊆ θ−1(Y0) = Y,
so that condition (ii) holds.
We now verify condition (vi). Let φ : B → A be a C-fixed surjective ∗-isomorphism with
φ−1 ≈Z,365γ idA. By (35),
φ−1 ≈Z,380γ σ.
Thus, by the definition of Z, there exists a unitary w0 ∈ C ′ ∩B such that
Ad(w0) ◦ φ−1 ≈Y0,δ/2 σ (43)
and ‖w0 − I‖ ≤ 380
√
2γ < 540γ. Fix y ∈ Y . Let y0 := θ(y) ∈ Y0. Then, since w∗0w1 ∈ B, we
have
‖θ(y)− (Ad(φ(w∗0w1)) ◦ φ)(y)‖ = ‖θ(y)− (φ ◦Ad(w∗0w1))(y)‖
= ‖y0 − (φ ◦ Ad(w∗0) ◦ σ)(y0)‖
= ‖(Ad(w0) ◦ φ−1)(y0)− σ(y0)‖ ≤ δ
2
by (43). Define w := φ(w∗0w1) so θ ≈Y,δ/2 Ad(w)◦φ. Since φ is C-fixed map and w0, w1 ∈ C ′,
w is in C ′ ∩A. Moreover,
‖w − u‖ ≤ ‖w − I‖+ ‖I − u‖ ≤ ‖w∗0w1 − I‖+ 75γ
≤ ‖w0 − I‖+ ‖I − w1‖+ 75γ ≤ (540 + 50 + 75)γ
= 665γ.
Therefore, condition (vi) is proved.
It only remains to prove condition (vii). Let S ⊆ H1 be a finite set and v ∈ C ′ ∩C∗(A,B)
be a unitary with ‖v − u‖ ≤ 740γ and
Ad(v) ≈Y,δ θ. (44)
Fix y0 ∈ Y0. Let y := θ−1(y0) ∈ Y . Then,
‖σ(y0)−Ad(w1v∗)(y0)‖ = ‖(Ad(w∗1) ◦ σ)(y0)−Ad(v∗)(y0)‖
= ‖y − (Ad(v∗) ◦ θ)(y)‖
= ‖Ad(v)(y) − θ(y)‖ ≤ δ.
(45)
This and (36) give Ad(u0) ≈Y0,3δ/2 Ad(w1v∗). Therefore, for any y0 ∈ Y0,
‖(vw∗1u0)y0 − y0(vw∗1u0)‖ = ‖u0y0u∗0 − (w1v∗)y0(w1v∗)∗‖ ≤
3
2
δ. (46)
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Furthermore,
‖vw∗1u0 − I‖ = ‖w∗1u0 − v∗‖ = ‖u∗ − v∗‖ ≤ 740γ. (47)
Let S0 := S ∪ w1S ∪ vS. By the definition of Y0 and δ, with vw∗1u0 and S0, there exists a
unitary v0 ∈ C ′ ∩A such that ‖v0 − I‖ ≤ 740γ,
‖v0x0 − x0v0‖ ≤ ε
6
, x0 ∈ X0 (48)
and
‖(v0 − vw∗1u0)ξ0‖ < µ and ‖(v0 − vw∗1u0)∗ξ0‖ < µ, ξ0 ∈ S0. (49)
Let v˜ := v∗0 . Then, ‖v˜ − I‖ ≤ ‖v0 − I‖ ≤ 740γ.
For any ξ ∈ S,
‖(v˜v − u)ξ‖ = ‖(v∗0v − u∗0w1)ξ‖ = ‖(v∗0 − u∗0w1v∗)vξ‖
= ‖(v0 − vw1u0)∗vξ‖ < µ
by (49) and vξ ∈ S0. Moreover,
‖(v˜v − u)∗ξ‖ = ‖(v∗0v − u∗0w1)∗ξ‖ = ‖v∗(v0 − vw∗1u0)ξ‖ < µ
by (49).
For any x0 ∈ X0, by (45) and (48),
‖θ−1(x0)−Ad(v∗v0)(x0)‖ ≤ ‖θ−1(x0)−Ad(v∗)(x0)‖+ ‖Ad(v∗)(x0)−Ad(v∗v0)(x0)‖
= ‖(Ad(w∗1) ◦ σ)(x0)−Ad(v∗)(x0)‖+ ‖x0 −Ad(v0)(x0)‖
= ‖σ(x0)−Ad(w1v∗)(x0)‖+ ‖v0x0 − x0v0‖
< δ +
ε
6
≤ ε
3
.
(50)
Let x ∈ X and x0 := β(x) ∈ X0. By (41), (42) and (50),
‖Ad(v˜v)(x) − θ(x)‖ ≤ ‖Ad(v˜v)(x) − β(x)‖ + ‖β(x)− θ(x)‖
≤ ‖(Ad(v˜v) ◦ β−1)(x0)− x0‖+ ε
3
= ‖β−1(x0)−Ad(v∗v0)(x0)‖+ ε
3
≤ ‖β−1(x0)− θ−1(x0)‖+ ‖θ−1(x0)−Ad(v∗v0)(x0)‖+ ε
3
≤ ε
3
+
ε
3
+
ε
3
= ε.
Therefore, condition (vii) holds. 
Lemma 6.2. Let C ⊆ D be a unital inclusion of C∗-algebras acting non-degenerately on a
separable Hilbert space H. Let A and B be separable intermediate C∗-subalgebras for C ⊆ D
with a conditional expectation E : D → B. Let {an}∞n=1, {bn}∞n=1 and {ξn}∞n=0 be dense
subsets in A1, B1 and H1, respectively. Suppose that C ⊆ A is crossed product-like by a
discrete amenable group and C ′ ∩ C∗(A,B) ⊆ C ′ ∩Aw. If d(A,B) < γ < 10−5, then there
exist finite subsets {Xn}∞n=0, {Yn}∞n=0 ⊆ B1, {Zn}∞n=0 ⊆ A1, positive constants {δn}∞n=0,
unitaries {un}∞n=0 ⊆ C ′ ∩ C∗(A,B) and C-fixed surjective ∗-isomorphisms {θn : B → A}∞n=0
with the following conditions :
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(1) For n ≥ 1, b1, . . . , bn ∈ Xn;
(2) For n ≥ 0, Xn ⊆2−n/3 Yn and δn < 2−n;
(3) For n ≥ 1, θn ≈Xn−1,2−(n−1) θn−1;
(4) For n ≥ 0, θn ≈Yn,δn Ad(un);
(5) For 1 ≤ j ≤ n, ‖(un − un−1)ξj‖ < 2−n and ‖(un − un−1)∗ξj‖ < 2−n;
(6) For 1 ≤ j ≤ n, there exists x ∈ Xn such that ‖θn(x)− bj‖ ≤ 9/10;
(7) For n ≥ 0 and a C-fixed surjective ∗-isomorphism φ : B → A with φ−1 ≈Zn,365γ idA,
there exists a unitary w ∈ C ′∩A such that Ad(w)◦φ ≈Yn,δn/2 θn and ‖w−un‖ ≤ 665γ;
(8) For n ≥ 0, a finite subset S ⊆ H1 and a unitary v ∈ C ′∩C∗(A,B) with Ad(v) ≈Yn,δn
θn and ‖v−un‖ ≤ 740γ, there exists a unitary v˜ ∈ C ′∩A such that Ad(v˜v) ≈Xn,2−(n+1)
θn, ‖v˜ − I‖ ≤ 740γ and
‖(v˜v − un)ξ‖ < 1
2n+1
and ‖(v˜v − un)∗ξ‖ < 1
2n+1
, ξ ∈ S;
(9) For n ≥ 0, there is a unitary z ∈ A such that ‖z − un‖ ≤ 75γ.
Proof. We prove this lemma by using the induction. Denote by (a)n the condition (a) for
n. Let X0 = Y0 = Z0 = ∅, δ0 = 1/2, u0 = I and θ0 : B → A be any C-fixed surjective ∗-
isomorphism by Proposition 4.2. Then, conditions (1)0, (3)0, (5)0 and (6)0 do not be defined.
Conditions (2)0 and (4)0 are clear, since X0 = Y0 = ∅. In conditions (7)0, (8)0 and (9)0, by
taking w = I, v˜ = v∗ and z = I, that conditions are satisfied.
Assume the statement holds for n; we will prove it for n + 1. By (9)n, there exists a
unitary z ∈ A such that ‖z − un‖ ≤ 75γ. For 1 ≤ j ≤ n + 1, there exists xj ∈ B1 such
that ‖xj − z∗ajz‖ ≤ γ. Define Xn+1 := Xn ∪ Yn ∪ {bn} ∪ {x1, . . . , xn+1}. In Lemma 6.1, let
X = Xn+1, ZA = Zn, ε = δn/6 and µ = 2
−(n+2) and so there exist Yn+1 ⊆ B1, Zn+1 ⊆ A1,
δn+1 > 0, u ∈ C ′ ∩ C∗(A,B) and θ : B → A with conditions (i)-(vii) of that lemma. By
Lemma 6.1 (i), δn+1 < ε = δn/6 < 2
−(n+1)/3. By Lemma 6.1 (ii), Xn+1 ⊆2−(n+1)/3 Yn+1.
Thus, condition (2)n+1 holds.
By applying θ to condition (7)n, we may find a unitary w ∈ C ′ ∩A such that
Ad(w) ◦ θ ≈Yn,δn/2 θn (51)
and ‖w − un‖ ≤ 665γ.
Fix y ∈ Yn. Since Yn ⊆ Xn+1 ⊆δn/6 Yn+1, there exists y˜ ∈ Yn+1 such that ‖y − y˜‖ ≤ δn/6.
Then, by Lemma 6.1 (iv),
‖Ad(u)(y)− θ(y)‖ ≤ ‖Ad(u)(y)−Ad(u)(y˜)‖+ ‖Ad(u)(y˜)− θ(y˜)‖+ ‖θ(y˜)− θ(y)‖
≤ δn
6
+ δn+1 +
δn
6
≤ δn
2
.
This and (51) give
Ad(wu) ≈Yn,δn θn. (52)
Moreover,
‖wu− un‖ ≤ ‖w(u− I)‖+ ‖w − un‖ ≤ 75γ + 665γ = 740γ. (53)
By (52) and (53), we can apply wu and {ξ1, . . . , ξn+1} to condition (8)n. Hence, there exists
a unitary v˜ ∈ C ′ ∩A such that
Ad(v˜wu) ≈Xn,2−(n+1) θn, (54)
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‖v˜ − I‖ ≤ 740γ and
‖(v˜wu− un)ξj‖ < 1
2n+1
and ‖(v˜wu− un)∗ξj‖ < 1
2n+1
, 1 ≤ j ≤ n+ 1. (55)
Define θn+1 := Ad(v˜w) ◦ θ and un+1 := v˜wu. By (55), condition (5)n+1 is trivial. Since
v˜w ∈ A and
‖v˜w − un+1‖ = ‖v˜w − v˜wu‖ = ‖I − u‖ ≤ 75γ,
condition (9)n+1 holds.
By Lemma 6.1 (iv), θn+1 = Ad(v˜w) ◦ θ ≈Yn+1,δn+1 Ad(v˜wu) = Ad(un+1). Thus, condition
(4)n+1 is satisfied.
Fix x ∈ Xn. Let y ∈ Yn+1 satisfy ‖x− y‖ ≤ 2−(n+1)/3. Then, by (4)n+1,
‖θn+1(x)−Ad(un+1)(x)‖
≤ ‖θn+1(x)− θn+1(y)‖+ ‖θn+1(y)−Ad(un+1)(y)‖ + ‖Ad(un+1)(y)−Ad(un+1)(x)‖
≤ 1
3 · 2n+1 + δn+1 +
1
3 · 2n+1 <
1
2n+1
.
Therefore,
θn+1 ≈Xn,2−(n+1) Ad(un+1).
This and (54) give θn+1 ≈Xn,2−n θn. Hence, condition (3)n+1 holds.
For any x ∈ A1,
‖Ad(v˜w)(x) −Ad(z)(x)‖
≤ ‖Ad(v˜w)(x) −Ad(w)(x)‖ + ‖Ad(w)(x) −Ad(un)(x)‖ + ‖Ad(un)(x)−Ad(z)(x)‖
≤ 2‖v˜ − I‖+ 2‖w − un‖+ 2‖un − z‖
≤ (1480 + 1330 + 150)γ = 2960γ.
(56)
For 1 ≤ j ≤ n + 1, there exists xj ∈ Xn+1 such that ‖xj − z∗ajz‖ ≤ γ by the definition of
Xn+1. (56) and Lemma 6.1 (v) give
‖θn+1(xj)− aj‖
≤ ‖θn+1(xj)−Ad(v˜w)(xj)‖+ ‖Ad(v˜w)(xj)−Ad(z)(xj)‖+ ‖Ad(z)(xj)− aj‖
≤ ‖(Ad(v˜w) ◦ θ)(xj)−Ad(v˜w)(xj)‖+ 2960γ + ‖xj − z∗bjz‖
≤ ‖θ(xj)− xj‖+ 2960γ + γ
≤ 3078γ < 9
10
.
Therefore, condition (6)n+1 is proved.
Let φ : B → A be a C-fixed surjective ∗-isomorphism with φ−1 ≈Zn+1,365γ idA. By Lemma
6.1 (vi), there exists a unitary w˜ ∈ C ′ ∩A such that
Ad(w˜) ◦ φ ≈Yn+1,δn+1/2 θ (57)
and ‖w˜ − u‖ ≤ 665γ. For any y ∈ Yn+1, by (57),
‖(Ad(v˜ww˜) ◦ φ)(y)− θn+1(y)‖ = ‖(Ad(w˜) ◦ φ)(y)− θ(y)‖ ≤ δn+1
2
.
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Furthermore, we have
‖v˜ww˜ − un+1‖ = ‖v˜ww˜ − v˜wu‖ = ‖w˜ − u‖ ≤ 665γ.
Thus, v˜vw˜ satisfies (7)n+1.
It remains to prove condition (8)n+1. Let S ⊆ H1 be a finite set and v ∈ C ′ ∩C∗(A,B) be
a unitary with ‖v − un+1‖ ≤ 740γ and Ad(v) ≈Yn+1,δn+1 θn+1. Then, we have
‖w∗v˜∗v − u‖ = ‖v − v˜wu‖ = ‖v − un+1‖ ≤ 740γ
and Ad(w∗v˜∗v) ≈Yn+1,δn+1 Ad(w∗v˜∗) ◦ θn+1 = θ. Hence, by applying Lemma 6.1 (vii) to
w∗v˜∗v and S′ := S ∪ {w∗v˜∗ξ : ξ ∈ S}, there exists a unitary v′ ∈ C ′ ∩ A such that
Ad(v′w∗v˜∗v) ≈Xn+1,δn/6 θ, ‖v′ − I‖ ≤ 740γ and
‖(v′w∗v˜∗v − u)ξ′‖ < 1
2n+2
and ‖(v′w∗v˜∗v − u)∗ξ′‖ < 1
2n+2
, ξ′ ∈ S′.
For any x ∈ Xn, we have
‖Ad(v˜wv′w∗v˜∗v)(x)− θn+1(x)‖ = ‖Ad(v′w∗v˜∗v)(x) − θ(x)‖ ≤ δn
6
<
1
2n+2
.
and
‖v˜wv′w∗v˜∗ − I‖ = ‖v′ − I‖ ≤ 740γ.
For ξ ∈ S, we have
‖(v˜wv′w∗v˜∗v − un+1)ξ‖ = ‖(v′w∗v˜∗v − u)ξ‖ < 1
2n+2
.
and
‖(v˜wv′w∗v˜∗v − un+1)∗ξ‖ = ‖(v′w∗v˜v − u)∗w∗v˜∗ξ‖ < 1
2n+2
.
Therefore, v˜wv′w∗v˜∗ satisfies (8)n+1, and the lemma follows. 
Proposition 6.3. Let C ⊆ D be a unital inclusion of C∗-algebras acting non-degenerately
on a separable Hilbert space H. Let A and B be separable intermediate C∗-subalgebras for
C ⊆ D with a conditional expectation E : D → B. Suppose that C ⊆ A is crossed product-like
by a discrete amenable group and C ′ ∩ C∗(A,B) ⊆ C ′ ∩Aw. If d(A,B) < 10−5, then there
exists a unitary u ∈ C ′ ∩ (A ∪B)′′ such that uAu∗ = B.
Proof. Let {an}∞n=1, {bn}∞n=1 and {ξn}∞n=0 be dense subsets in A1, B1 and H1, respectively.
In Lemma 6.2, we may choose {Xn}∞n=0, {Yn}∞n=0, {Zn}∞n=0, {δn}∞n=0, {un}∞n=0 and {θn}∞n=0
with (1)–(8). For any bk and ε > 0, there is N ∈ N such that 2−(N−1) < ε and k < N . For
m ≥ n ≥ N ,
‖θm(bk)− θn(bk)‖ ≤
m−1∑
j=n
‖θj+1(bk)− θj(bk)‖ ≤
m−1∑
j=n
1
2j
<
1
2N−1
< ε.
Thus, for any bk, {θn(bk)}∞n=0 is a Cauchy sequence. Since ‖θn‖ ≤ 1, the sequence {θn}
converges to a C-fixed ∗-homomorphism θ : B → A in the point-norm topology.
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For any aj and n ≥ j, there is x ∈ Xn such that ‖θn(x)− aj‖ ≤ 9/10.
‖aj − θ(x)‖ ≤ ‖aj − θn(x)‖+
∞∑
m=n
‖θm+1(x)− θm(x)‖
≤ 9
10
+
∞∑
m=n
1
2m
≤ 9
10
+
1
2n−1
.
Since n ≥ j was arbitrary and {an} is dense set in A1, we have d(A, θ(B)) < 1. Therefore, θ
is surjective by Corollary 2.4.
By Lemma 6.2 (5), {un} converges to a unitary u ∈ C ′∩ (A∪B)′′ in the ∗-strong topology.
Moreover, by Lemma 6.2 (4), we have θ = Ad(u). Therefore, A = uBu∗, since θ is surjective.

Finally, we show Theorem D by using Proposition 6.3 and Corollary 5.8.
Theorem 6.4. Let C ⊆ D be a unital inclusion of C∗-algebras acting on a separable Hilbert
space H. Let A and B be separable intermediate C∗-subalgebras for C ⊆ D with a conditional
expectation E : D → B. Suppose that C ⊆ A is crossed product-like by a discrete amenable
group and C ′ ∩A is weakly dense in C ′ ∩Aw. If d(A,B) < 10−7, then there exists a unitary
u ∈ C ′ ∩ (A ∪B)′′ such that uAu∗ = B.
Proof. Let d(A,B) < γ < 10−7. By Corollary 5.8, there exists a unitary u0 ∈ (C∗∗)′ ∩
W ∗(A∗∗, B∗∗) such that u0A
∗∗u∗0 = B
∗∗ and ‖u0 − I‖ ≤ 19γ.
Let eD be the support projection of D and define K := ran(eD) ⊆ H. Now restrict
A,B,C and D to K. By the universal property, there exists a unique normal representation
π : D∗∗ → B(K) such that π|D = idD and π(D∗∗) = D′′.
Define A˜ := π(u0)Aπ(u
∗
0) ⊆ B(K), then d(A˜, B) ≤ 2‖u0 − I‖ + d(A,B) < 39γ < 10−5.
Since A˜′′ = π(u0)π(A
∗∗)π(u∗0) = π(B
∗∗) = B′′ and C ′ ∩A is weakly dense in C ′ ∩Aw,
C ′ ∩ C∗(A˜, B) ⊆ C ′ ∩ A˜′′ = π(u0)(C ′ ∩A′′)π(u0)∗ = π(u0)(C ′ ∩Aw)π(u0)∗ = C ′ ∩ A˜
w
.
Therefore, there exists a unitary u1 ∈ C ′ ∩B′′ ⊆ B(K) such that u1A˜u∗1 = B by Proposition
6.3. Hence, the unitary u is given by
u = u1π(u0) + (IK − eD) ∈ C ′ ∩ (A ∪B)′′ ⊆ B(H),
so that uAu∗ = B. 
Example 6.5. Let C = C(T) and A = C(T)⋊ Z act on H = L2(T)⊗ ℓ2(Z). Then we have
C ′ ∩A = C and C ′ ∩Aw = L∞(T), that is, C ′ ∩A is weakly dense in C ′ ∩Aw.
But we should be careful that C ′ ∩Aw may not be equal to the weak closure of C ′ ∩A in
general.
Example 6.6. Let α be a free action of a group G on a simple C∗-algebra C and A = C⋊αG
act irreducibly on a Hilbert space H. Then C ′ ∩A = C but C ′ ∩ Aw = C ′ ∩ B(H).
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